Using a generalization of a variational theorem due to Leighton, the authors obtain sufficient conditions for the second order nonlinear differential equation (a(t)x')' + q't)f(x) = r(t) to be nonoscillatory. Examples showing the necessity of certain hypotheses are also given.
Introduction.
In 
and g (u(t)) < AG(u(t)) for t in [t., tA. Then every solution of (1) ztzzzsz" vanish on \_t., tA.
We classify solutions of (2) in the following way. A solution x(t) of (2) (1) is nonoscillatory,
(ii) r(t) y 0 and r(t) A 0 on any interval, (iii) xf(x) y 0 for all x and f(x) A 0 on any interval, and
Then no solution of (2) is oscillatory or nonnegative Z-type.
Proof. Suppose that u(t) is an oscillatory or nonnegative Z-type solution of (2) and let t. and í be consecutive zeros of u(t) such that t. < t?
and zz(z") > 0 for t in (t., tA. Since u(t) is a solution of (2), we have
Hence (t2{a(t)Lu'(t)]2 -q(t)f(u(t))u(t)\dt < 0. By putting a condition on the sign of q(t) we can eliminate any nonpositive Z-type solutions and thus obtain the following nonoscillation result.
Theorem 2. //, z'tz addition to the hypotheses of Theorem 1, q(t) > 0 for t y tn, then all solutions of (2) are nonoscillatory.
Proof.
It will suffice to show that (2) cannot have nonpositive Z-type solutions.
Suppose that x(i) is such a solution. Then
Letting í be a zero of x'(t) and integrating, we have a(t)x'(t) > 0 for í > Zj, so x (t) y 0 for ty_t. which is impossible for Z-type solutions.
The next example shows that r(t) cannot be allowed to change signs. Remark. Suppose that r(t) < 0 and (iv) holds for x < 0. Then Theorem 1 would guarantee that no solution of (2) is oscillatory or nonpositive Z-type. The statement of Theorem 2 would remain the same but its proof would consist of ruling out the nonnegative Z-type solutions.
The proof of the following theorem is similar to the proofs above and will be omitted. Then no solution of (3) (a(t)x')'+ q(t)f(x)h(x') = At)
is oscillatory or nonnegative Z-type. if, in addition, h(s) > 0 for all s, then all solutions of (3) are nonoscillatory.
The remark following Example 2 also applies to Theorem 3.
